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Let U be a unipotent group variety over an arbitrary field k. If k is 
algebraically c osed, there is a composition series of U with factors 
isomorphic tothe additive group G,. For general k we have the following 
result of Tits (unpublished; see however [ 1, III, 3.2.1 and 3.3.11, from 
which the result follows): 
THEOREM. There is a composition series of U, which is defined over k, 
such that the factors are one dimensional. 
The purpose of this article isto give a short proof of this theorem. This 
proof is based on 
LEMMA. If dim U > 0, there is a separable homomorphism CC U -+ G, 
which is defined over k. 
This lemma immediately implies the theorem. Let u’ be the connected 
component of the kernel of CC. Then u’ is a unipotent group variety which is 
normal in U and defined over k such that he quotient U/V is one dimen- 
sional. Thus the theorem follows byinduction. 
For the proof of the lemma, for any field 1, k, the homomorphism 
a: U+ G, defined over 1 is given by an element a in l[U] such that 
,u*a=aOl+l@a, where p* is the comultiplication in k[U]. This 
equation defines a k-linear subspace of k[ U] such that ahomomorphism is 
an I-rational point of V. The condition that a is inseparable is that da Je = 0 
where e is the identity ofU. This equation defines a k-rational subspace W
of I/. To prove the lemma we want to show that V# W. To do this it suf- 
fices toproduce an element of V- W which is defined over an algebraically 
closed k but this existence isobvious from the composition series of U 
over k. 
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We can do a variation the above theme. Assume that we have a 
group action Tx U-+ U of a torus T on a unipotent group variety such 
that T acts by group automorphism and everything isdefined over k. 
THEOREM. Zf the action of T on the Lie algebra of U is diagonalizable 
over k, we have a T-invariant composition series defined over k for U with 
one-dimensional factors. 
Proof (Cf. also [ 1, IV.51 ). The vector space V/W is a nonzero T-in- 
variant subspace of the dual of the Lie algebra of U. By assumption we 
may find a nonzero T-eigenvector cl inV/W with eigenvalue x defined over 
k. The eigenspaces Vx and ( V/W)x are defined over k. Thus the projection 
I/x + (V/ W)x is surjective because it is when k= k. So we can lift Cr to a 
T-eigenvector l in V- W. The connected component Ker(cc)’ isdefined 
over k and is T-invariant. We are done by the same kind of induction. 
Q.E.D. 
This result has a complement. 
LEMMA. Zf U is one dimensional nd T acts nontrivially on the Lie 
algebra of U, then U = G,. 
Proof. Let x be the character ofT acting on Lie(U). We claim that 
kCu1 = On>o kCW” where these igenspaces are one dimensional nd, 
for any nonzero element c( of k[ U]“, a defines anisomorphism U + G,. As 
everything inthe claim is defined over k, we need only check it when k = k. 
Then there is no problem. Q.E.D. 
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